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ABSTRACT
A FINITE ELEMENT METHOD FOR LINEAR MODELING AND CONTROL OF A
SINGLE FLEXIBLE LINK ROBOTIC MANIPULATOR

by
H. BENJAMIN TRUTTER
Chairperson: Professor Ryan Krauss
A linear finite element procedure is presented for modeling a single flexible link
robotic manipulator system. The model takes into consideration the DC motor,
torsional springs/dampers, cantilever beam and the accelerometer at the tip.
The finite element method for system modeling is validated through comparison
to experimental data using the frequency response. With a validated model for
the system, feedback control is implemented for vibration reduction and accurate
positioning of the beam tip. The accuracy of the controlled model is compared to
experiment and a discrete time transfer matrix method of modelling. The
closed-loop finite element method model exhibited an accurate response, related
to experiment, with encoder feedback and accelerometer feedback using digital
compensators
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CHAPTER I

INTRODUCTION AND PROBLEM STATEMENT
Robotic manipulators have become an indispensable part of many industries.
Manipulator systems are primarily used for tasks that require speed, accuracy
and repeatability. The system is dependent on the accuracy of control
techniques for repeatable motion and precision maneuvering. Manipulators can
be broken into two groups, rigid and flexible. A rigid manipulator example
would be a robotic arc-welding or material handling arm, relatively short links
with a high payload capacity and designed to be robust enough to exhibit little or
no deflection or vibration. The flexible manipulator exhibits flexural bending in
one or more of its links or joints, resulting in vibration at the end effector
location when operated at high speeds. The flexibility within a manipulator is
the consequence of a combination of long-reach and relatively high payload,
resulting in undesirable deflection. A flexible robotic manipulator is considered
to be any distributed parameter system with both rigid and flexible movements.
Tokhi et al. enforces two physical limitations onto these flexible systems.
1. The control torque is only applied at the joint.
2. There exist a finite number of sensors with limited bandwidth at
restricted locations along the manipulator. (Azad, Tokhi, Mohamed,
Mahil, & Poerwanto, 2008)
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Figure 1.1: Canadarm2. Primary component of the mobile Servicing System on
the International Space Station in 2005 (Leary, 2008)
The flexibility of the manipulator’s links is not usually explicitly desired,
but more often is a consequence of circumstances, the result of design
constraints induced by the robot’s application. The task of the manipulator may
require a lighter weight to reduce the payload at launch for a low earth orbit
robotic arm on the International Space Station (Figure 1.1). The lighter weight
flexible robot arm will require less power to move, meaning smaller actuators,
less material cost and a higher payload-to-robot-weight ratio. The accuracy of
robot is dependent on the accuracy of the system model, sensor design, sensor
implementation and vibration suppression.
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Problem Statement

Figure 1.2: Picture of the Slewing Beam System. (Okasha, May, 2012).
The system to be discussed is a Single Flexible Link Robot (SFLR) system
consisting of 41.9 cm long thin stainless steel flexible link, driven by a base
consisting of a quadrature encoder DC motor, with an accelerometer at the tip
for measuring the acceleration at the tip. The voltage input is implemented
using a PSoC (Programmable System-on-chip) and PC using Python control
software (Krauss R. ).
Previous approaches to modeling this experimental system include the
discrete time transfer matrix method (DTTMM) (Okasha, May, 2012) and the
transfer matrix method (AMM) (Krauss R. ). The purpose of this thesis is to
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implement a model of the system using the finite element method (FEM) that is
congruent with existing models. The FEM is a decisively powerful tool for
solving the partial differential equations representation of systems, especially of
irregular structures with many boundary conditions, though not without its own
shortcomings. The TMM allows for simple implementation of multiple system
components and possibly faster computation times. For example, the TMM
includes transfer matrices representing the DC motor, the drivetrain connecting
the motor to the beam and the beam itself. The TMM avoids the need for the
spatial discretization that the FEM requires for the components of the SFLR.
Without spatial discretization the TMM simulation should be faster to compute
than the FEM simulation.
The FEM is implemented to resolve the beams elastic and rigid motion
into matrices. The other elements of the robot system (motor, drivetrain,
sensors) are lumped into the system’s global mass, stiffness and damping
matrices. In the past, the FEM was too computationally intense of a method for
solving the PDE’s (due to large matrix operations) which has been mostly
overcome by today’s more powerful computers. The faster computers allow for a
higher number of elements for higher accuracy models and quicker computation
times.
The success of this thesis relies on the creation of an FEM model that is not
only accurate and comparable to experiment, but that is also conducive to control
design of the robotic manipulator. The accuracy of the model will be determined
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by the comparison of the FEM simulation data to the DT-TMM simulation data
and also experimental data. An adequate FEM model should be able to provide
frequency responses for the slewing beam system in simulation and a state space
representation. The model can then be used with the feedback from the two
sensors, encoder and accelerometer, to compare the open and closed loop input
responses of simulation with experimental responses. The accuracy of the
results dictates whether the FEM is robust enough for further research in nonlinear modeling and advanced control techniques of the manipulator system.
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CHAPTER II

LITERATURE REVIEW
Flexible link robotic (FLR) manipulators are a relatively recent topic of research
in the mechanical, electrical and computer engineering fields. Spurred by the
dawn of the space age [4], flexible arms equated to a lighter payload to reach
orbit versus their rigid counterparts. These lighter arms also lead to faster
operational speeds, lower power, smaller actuators and less material to build, all
desirable attributes. The demand for flexible arms has led many researchers
into an area of research in modeling and controlling these otherwise unwieldy
robotic arms. The demand in industries fuels the research; whether it is to be
used in orbit around the earth, on the factory floor or even more recently, in
surgeries. The inherent vibration and erratic behavior problems with FLRs are
best countered with more accurate modeling and improved control. Researchers
have worked on experimenting with and developing a multitude of modeling and
control techniques that are to be discussed in the following sections. The
breadth of the literature covered deals mostly with single link manipulators
using linear models but some involve more elaborate non-linear modeling
techniques and even manipulators with multiple links.
Modeling Techniques
In order to implement the optimal control scheme, an accurate model of
the robotic manipulator system is required. Vibration and endpoint
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displacement are the key outputs to be modeled. The robot’s end-effector
position must be modeled accurately and the vibration created from the high
speed motion to achieve that position must be suppressed.
A number of techniques and coordinate systems have been employed. The
coordinate systems included floating frame of reference, incremental finite
element, large rotation vector and absolute nodal coordinate formulation (Wang,
Xing, & Li, 2010). Typically, the dynamic equations of motion of the models
consisted of partial differential equations (PDE) with a goal to convert the
equations of motion into ordinary differential equations (ODE). The primary
techniques used to model the flexible robotic manipulators were (Azad, Tokhi,
Mohamed, Mahil, & Poerwanto, 2008)
1. Lagrange’s equation and modal expansion (Ritz-Kantrovitch)
2. Lagrange’s equation and finite element (FE) method
3. Euler-Newton equation and modal expansion
4. Euler-Newton equation and FE method
5. Singular perturbation and frequency-domain techniques
The Euler-Bernoulli beam theory, more so than Timoshenko beam theory, was
used to account for the flexibility of the beam. Euler-Bernoulli assumes
negligible shear forces and rotary inertia effects in the flexible beam, creating a
simple and effective model. Then, potential and kinetic energy of the system
from Lagrange’s equations creates the total system model. This creates a partial
differential dynamic equation. The model then must undergo steps to convert
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the infinite dimensional system into a finite system that is capable of computer
simulation and control. Here, the PDE is transformed by implementing a
number of discretization techniques such as, assumed modes method (AMM),
transfer matrix method (TMM), lumped parameter, finite element method
(FEM) or finite difference method (FD). These methods can then be further
developed to take into account the non-linearities of the system.
Assumed modes method
The AMM is a method of discretization based largely in part on the RayleighRitz method (Meirovitch, 2001). The equations of motion of the system are
derived using Lagrange’s equations with a discretized form of the kinetic energy,
potential energy and virtual work.
Ahmad and Mohamed (Ahmad & Mohamed, 2010) investigated control
techniques for suppression of end-point vibration and tracking of the input for a
flexible manipulator. They used an AMM with two modal shapes to develop
their model of a SLFR with a rigid hub. They obtained and verified an accurate
AMM model from Subudhi and Morris (Subudhi & Morris, 2002). Ahmad and
Mohamed control methods were LQR (linear quadratic regulator) with noncollocated PID and LQR with feed-forward control with the use of a positive
modified SNA (specified negative amplitude input shaper). LQR with PID
utilized the LQR for the control of the rigid portion of the beam, while the PID
controlled the residual or flexible movement. The input shaper took the form of
PZVDD and SNA-ZVDD (zero vibration derivative -derivative) shaper. They
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were able to conclude that the input shaping technique provided greater
vibration suppression while sacrificing response time compared to the PID
control.
Subudhi and Morris showed that their methodology allows for a
systematic approach of deriving dynamic equations for multiple linked
manipulators with multiple joints. The approach also gave a clear definition of
the joint deflections which showed discrepancies in the joint and link angles.
Subudhi and Morris are able to produce these results through the use of two
homogeneous transformation matrices to represent rigid and flexible motions
(Subudhi & Morris, 2002) Ahmad and Mohamed go on further to develop control
schemes around LQR (linear quadratic regulator), non-collocated control and
feed-forward control (input shaping).
Hastings and Book (Hastings & Book, 1987) developed a linear model of
their SFLR using a version of the assumed modes method involving the infinite
series of the flexible beams separable modes. The infinite series was a product of
a spatial variable function and time function which allowed separability and
accounted for motion along the entire beam. Their experimental setup consisted
of a flexible arm with a payload at the end, a DC torque motor with servo-amp at
the hub, A/D converter and D/A converter computer setup. Feedback sensors
consisted of a joint angle sensor, a tachometer and strain gages. Simulation
used as little as two modes, when compared to experimental results, showed
agreement in eigenvalues but faster damping in the experiment due to
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discrepancies in the friction model. They concluded further parameter
optimization was needed for better closed loop results, such as selecting the right
trial mode shapes based on the feedback control law used.
Vakil, Fotouhi and Nikiforuk (Vakil, Fotouhi, & Nikiforuk, A New Method
for Dynamic Modeling of Flexible-Link Flexible-Joint Manipulators, 2012)
(Vakil, Fotouhi, Nikiforuk, & Salmasi, A Constrained LAgrange FOrmulation of
Multilink Planar Flexible Manipulator, 2008) utilized a new version of the
AMM, called Lagrange Natural Orthogonal Complement (LNOC) to model a two
link flexible link, flexible joint manipulator with a rotor and hub at the base and
between the links. The joints were a shoulder joint at the base and an elbow
joint between link 1 and link 2. The LNOC method takes the system and splits
the manipulator into two sub systems to simplify the Lagrangian function. The
flexible link robot with rigid joints system (FR) and a system of flexible joints
with mass moments of inertia of the rotors are the two subsystems (FI). After
the two Lagrangian functions were derived and joined together and the
Lagrange multipliers are removed, the resulting model was simulated. Results
from the LNOC AMM were compared to a full-nonlinear FEA model using
ANSYS for the beams consisting of 1,5 or 10 elements per beam. Inputs used for
comparison were bang-bang torque and the inverse dynamic torques at the
flexible joins of the manipulator. End-effector velocities and absolute deviations
from the FEA model were compared. The new method of model derivation
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showed accurate results when paralleled to the existing non-linear FEA and
showed promise for further study.
Transfer matrix method
The transfer matrix method splits the manipulator systems into a series
of elements by representing each with its own transfer matrix. The benefit of
this method is that the TMM models the elements continuously without
discretization. This allows the formation of closed-form symbolic expressions
and subsequently, the analysis and control design can be developed directly
through Bode plots.
Krauss (Krauss R. W., Computationally Efficient Modeling of Flexible
Robots Using the Transfer Matrix MEthod, 2011)used the TMM to model the
SFLR as individual components of a DC motor, a spring, a base mass, a second
spring, a beam component, accelerator mass and a second beam. Bode based
control design using contour plots and cost functions for optimization exhibited
improvement in settling time and also overshoot. The optimization routine
aided in determining mostly unknown parameters within the robot model such
as the mass and mass moment of inertia of the base mass element and torsional
stiffness of the two torsional spring/damper elements. Krauss also developed
optimization algorithms for the SFLR in order to reduce experimental and
simulation error. The robot was modeled in one of two ways. The first method
used was two single-input/single-output subsystems in a series: The voltage
going into the motor is the first with an output of the encoder’s theta. Theta is
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then used as the input for the beam, with the output being the acceleration at
the tip of the beam. The second method of modeling had the voltage to the motor
as a single input into the system with two outputs from the voltage, theta from
the encoder and acceleration from the beam tip. The Bode plot of the
experimental data was compared to the simulated data with good agreement.
Krauss (Krauss R. W., Jan. 2014) also utilized a linear, frequency domain
version of the TMM to develop a reduced order model (ROM) of the SFLR and
design a controller using infinite-dimensional pole-optimization. Krauss used
the ROM to show the shortcomings of neglecting higher frequencies of a system
where the accelerometer is at the end of the SFLR beam instead of at the hub.
Control design using pole placement and a ROM appeared to be effective until
the controller was used on the infinite dimensional TMM model. The resulting
pole locations in the TMM model led to instability. Instead of reduced order
modeling, Krauss developed a pole optimization routine that took into account
the infinite-dimensional nature of the TMM model of the system. Krauss used 3D contour Bode plots to visualize pole locations and optimized the pole locations
using 3 distinct cost functions and optimized pole and zero locations in a fourth
case. Each case was tested experimentally and the step response was compared
to a previously designed Bode based vibration compensator’s step response.
Ultimately, the case that took into account the zeroes of the system in the cost as
well as the poles led to a fast system with quicker settling time and less
overshoot than the bode based compensator.
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Krauss and Okasha (Krauss & Okasha, Discrete-Time Transfer Matrix
Modeling of Flexible Robots under Feedback Control, June 2013) used the same
experimental setup as discussed in the previous paper. The modeling method
used was the discreet time transfer matrix method (DT-TMM) which had been
used in simulation in other literature, but rarely in experiment. A key feature of
the DT-TMM is that the Laplace domain can be avoided to allow for simpler and
faster numerical computations. The TMM model split the system into beam,
accelerometer, base mass, actuator and torsion spring dampers. The discrete
time portion of the model took each element into an algorithm, finds the A,B,D
and E coefficients for the states of the model, substitutes them into the DT
transfer matrices to perform the TMM analysis which then finds the velocities
and accelerations for each individual element. Four control methods were
compared to experiment, open-loop, P –control with hub encoder feedback, lead
compensator with hub encoder feedback and a vibration suppression
compensator with theta and acceleration feedback. All four methods proved to
have good agreement when compared to experiment.
Finite element method
Chapnik, Heppler and Aplevich (Chapnik, Heppler, & Aplevich, 1991)
devised a finite element model for their SFLR that also included an impact load
at the end beam instead of a hub torque. They started modeling by choosing a
simple Bernoulli-Euler beam model. The total motion of the manipulator was
composed of the rigid body motion and the deflection of the beam away from its
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own rigid body motion. Using Hermite cubic polynomials to serve as the basic
functions, the element shape functions are derived. This method of hermite
cubics was very similar to the method expressed in Meirovitch’s book
(Meirovitch, 2001) for finite element. Combining the shape functions with the
Euler-Lagrange equations ultimately yielded the global mass, stiffness and
damping matrices. Chapnik et al. assumed Rayleigh damping for the beam itself
and friction from the hub and other sources is added into the damping matrix.
From comparison of their simulation results to the experimental rig results, they
determined that the FEM was a strong method to accurately model the system
and parametrically adjust and determine the additional effects of the friction,
coulomb, viscous and Rayleigh damping. Chapnik et al. claimed in 1991 to have
been the first group to study the addition of these damping and friction effects to
increase the accuracy of the model.
Tokhi and Mohamed (Tokhi M. , Mohamed, Amin, & Mamat, 2000)
showed strong results using a FEM for their modeling of a SFLR. Previous
investigations had shown promising results for the FEM, Tokhi and Mohamed
expanded on these results with their own simulation and more importantly,
experimental research. Starting with the kinetic and potential energy of the
elements, they utilized the Lagrange equation of motion which led to the
development of the global mass, stiffness and damping matrices. The damping
proportional coefficient of the system is determined experimentally, assuming
Rayleigh damping. Using hub-velocity and end-point acceleration as outputs,
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they compared experimental and simulated results. The results allowed them to
conclude that the Lagrange method of FEM led to an acceptable model of the
manipulator system
Tokhi and Mohamed (Tokhi, Mohamed, & Hashim, 1999) also used the
FEM in a symbolic approach to modelling a SFLR. They define the total motion
of the SFLR as the sum of the rigid body motion and the deflection of the beam.
They first used FE analysis to find the nodal displacement and shape function,
then convert the results into a state space system of equations. Using state
space, the transfer function is found using Laplace identities. The transfer
function allows for quick identification of system poles and zeroes, for systems
with small numbers of elements. Routh-Hurwitz was used along with the
identified poles and zeroes to determine the stability of the system. The
numerical simulation of the symbolic model uses the motor torque as the input
and the displacement at the end point of the beam as the output. Thus they
were able to conclude that the FEM and symbolic approach lends itself
advantageously to numerical simulation of system and the ability to assess the
stability, response and vibration of the system.
Mohamed and Tokhi (Mohamed & Tokhi, 2004) also used the FEM on
their SFLR to implement feed-forward control techniques. They used input
shaping in the form of sequences of impulses. The sequence of impulses drives
the manipulator to the desired location while minimizing vibration. They used
low-pass filters or band-stop filters to cut off the input signals lower than the
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resonance mode or on the resonance mode, respectively. Success of this control
technique was based on level of vibration reduction at resonance modes, time
response specs such as settling time and rise time, robustness and
computational execution time. All three of the techniques: input shaping, lowpass filter and band-stop filter produced significant improvements in vibration
performance. The shaped input had the slowest response but demonstrated the
best vibration control compared to the non-shaped input and each filter, with
less error. The best filter for vibration reduction was the low pass filter due to
higher levels of energy reduction compared to the band-stop filter. The filters
were faster computationally than the input shaping and performed better at
resonance frequencies, but overall were less effective at vibration suppression at
the dominate mode shapes.
Yang, Jiang and Chen (Yang, Jiang, & Chen, 2004) implement a nonlinear FEM for modeling a SFLR. A simple hub and single beam system is used
for experiment. Two types of vibration control were discussed, momentum
exchange feedback (MEF) and positive position feedback (PPF). Yang et al.
proposed that combining the PPF and MEF would yield to superior vibration
suppression to the system. They are able to conclude through simulation that
PPF alone did not yield vast improvements in transverse vibration but adding
MEF with the PPF dramatically suppressed the vibrations.
Bruls , Duysinx and Golinval used a nonlinear Finite Element coordinate
system, proposed by Geradin and Cardona, to describe the flexible components of
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a multi-body system. (Bruls, Duysinx, & Golinval, A Unified Finite Element
Framework for the Dynamic Analysis of Controlled Flexible Mechanisms, 2005)
The other non-mechanical subsystems, such as the controller, sensors, actuators,
were contrived from a block diagram methodology. They touted a modular
modeling framework to analyze mechatronic systems of a car suspension and
also a flexible manipulator. The two groups, mechanical and non-mechanical,
were still coupled. The output of one mechanical module is the input for a nonmechanical module which would feedback into another, or the same, mechanical
module. The use of an augmented Lagrangian technique led to the equations of
motion of the flexible system, with resultant mass matrix, constraint gradient
and external, internal and complementary inertia forces. A Newmark implicit
algorithm was used to discretize the equations of motion into a usable model.
The control systems module takes on a state space form which is then
integrated. The coupled equations of motion consisting of the nonlinear flexible
portion and control systems were integrated using an extension of the
generalized- method. Bruls et. al. validated their results experimentally on two
set ups, a vehicle’s semi-active suspension and also a two link manipulator with
a secondary actuator link. Their experiment with the manipulator determined
their active vibration control was efficient and their simulation was accurate for
the entire system. They concluded that one could predict the behavior of a
complex mechatronic system without implementation of user-elements to
describe a dynamic system by using their version of FEM for the mechanical
subsystem with a modular representation of the control subsystem.
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Gilardi, Buckham and Park (Gilardi, Buckham, & Park, 2009) used FEM
in conjunction with an absolute nodal coordinate formulation (ANCF) to model a
non-linear single flexible link beam with piezoelectric actuators used as dampers
to suppress the vibration. ANCF was used with a lump mass approach to FE
was used to discretize the non-linear SFLR system. The piezoelectric actuators
were laterally surface mounted and consisted of lead zirconium titanate (PZT)
patches controlled by PD controllers. A controlled voltage sent to the patch
induces lateral forces at the boundaries of the patch, which in turn created a
moment force to dampen the vibrations in the beam. The modeled system
consisted of the rotating hub, a flexible beam with a mass on the end, PZT
actuators acting as a rigid portion of the beam and sensors (accelerometers and
Fiber Bragg gratings) arrayed along the beam. The Fiber Bragg grating (FBG)
is a sensor that uses an etched grating on the beam surface to reflect specific
optical wavelengths. Fluctuations in strain or temperature cause a change in
the grating refraction, allowing strain and temperature data to be collected as
feedback. The combination of PD control for the hub, angular type control using
FBG’s as feedback, linear-type control feedback from accelerometers and
piezoelectric actuators created an effective method of large vibration suppression
in simulation. Experimental results had not verified the validity of the
simulation results.
Yang, Hong and Yu (Yang, Hong, & Yu, 2003) developed a dynamic model
of a flexible hub-beam system with a tip mass using FEM. Their model
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incorporated three kinds of damping: viscous friction from the hub, Raleigh
damping for the beam and air drag as the beam rotates through the air.

A

consistent complete model (CCM) is compared to the traditional linear model
(TLM). The CCM had a second order deformation component included in the
model, whereas the TLM has no such component. The two models are compared
and show negligible differences when a pulse torque was applied to the hub. The
next simulation compared free vibration results between the CCM and TLM
models, both damped and undamped. The hub end of the beam is held steady
(clamped) and the tip of the beam is given initial deflection and then released for
the free vibration test. The results showed drastic differences in the two models
amplitude of deflection. The TLM model was nearly three times the magnitude
of the CCM model. In undamped tests, the TLM model becomes unstable. The
TLM was said to be unstable due to softening of the elastic stiffness matrix, K,
because of the removal of the second order deformation component. The
softening effect was less prevalent at high rotation speeds and also when
damping was included. They concluded experimental results were necessary for
further investigation of the softening effect on the stiffness matrix.
Wang, Xing and Li (Wang, Xing, & Li, 2010) successfully modeled the 5
bar (with the ground as a link) structurally flexible manipulator used for
semiconductor wire bonding. The planar mechanism operates with accelerations
in the 10-15g range and requires precision on the scale of 2 m. They used the
FEM with the Lagrangian multiplier method to model the system and end with
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the state space equations of the system. Simulation of the flexible link model
was compared to a previously developed rigid model with close results for
displacement but showed drifting away from the rigid model at high rotation
speeds. There was especially poor performance with the flexible model
comparing angular velocities. The vibrations of the beams caused the system to
drift away from the desired endpoints at the ends of joints 1, 2, 3 and 4. They
determined that the non-linear nature of the flexible beam model created too
much excessive vibration in the model which caused the drifting of the
displacement. In order to improve results, they concluded that control law for
vibration suppression was necessary.
Hussein and Fadhel (Hussein & Fadhel, 2009) used the finite element
method to model their single flexible link manipulator. They modeled their
beam as a single finite element and claimed that the first mode was most
dominant and thus no more elements were needed. They were able to obtain the
state space equations and convert into a Laplace domain transfer function.
MATLAB was used to manipulate the symbolic equations and determine the
transfer function of the system with hub angle as the output and torque as the
input and also determine the locations of the poles and zeroes. They concluded
that the system was of non-minimum phase because at least one zero was in the
right hand plane. They were also able to see the changes caused by
manipulation of beam parameters such as, length, density and payload with the
same cross-sectional beam.
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Other methods
Schindele and Aschemann (Schindele & Aschemann, 2014) developed a
model and control design for a rack feeder. The system consisted of a carriage
driven horizontally by a DC servo motor via a toothed belt. The carriage held a
vertically mounted elastic beam with a cage containing a load mass that moved
vertically along the beam via another DC servo motor and tooth belt. The
sensors used were internal angular transducers for the angles of the servos,
magnetostrictive transducer for horizontal positioning and two strain gauges to
determine the deformation of the flexible beam. They used an elastic multibody
model and derived the equations of motion for the horizontal motion using
Lagrange equations. The vertical motion of the caged mass was modeled by a
first-order lag system. A linear quadratic regulator (LQR) was used for the
feedback of the horizontal motion while the vertical motion of the cage was
controlled using proportional feedback and feed-forward control. Non-linear
static friction was taken into account as a feed-forward disturbance, while
further modeling errors were reduced by using a disturbance observer for
disturbance compensation. Experimental results with their prototype setup
showed improvement in deflection and displacement control compared to past
control designs. Further considerations would include dynamic friction models
and observer based adaptive control.
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CHAPTER III

INTRODUCTION TO THE FINITE ELEMENT METHOD
The Finite Element Method via Rayleigh-Ritz Method
The Finite Element Method (FEM) is a discretization technique,
particularly for the dynamic analysis of structures. A major strength of the
FEM lies in the fact that it is applicable to systems of many shapes, allowing one
to find the solution irregular shaped bodies of varying boundary conditions.
However, the FEM requires finding the solutions of large volumes of equations
and eigenvalue problems with large matrices. Computationally these matrices
are very difficult and time consuming to solve by hand, but can be programmed
and solved with the help of a computer. The advancement of computers has
allowed the FEM to become an essential technique in stress analysis through
commercially available and highly developed finite element software like ANSYS
and Mechanica.
In order to fully grasp the concept and theory behind the FEM, a simple
example of a string in transverse vibration will be discussed. First though, it is
important to note that the version of the FEM suggested here is formulated
using a foundation of the classical Rayleigh-Ritz Method (Meirovitch, 2001). The
Rayleigh-Ritz method determines the approximate solution to a differential
eigenvalue problem, with the solution of a distributed elastic system being a
product of the comparison (admissible) functions

and undetermined
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coefficients

(j = 1,2,…n), where j is the number of elements. In this case Y(x)

is the displacement.
∑
The

(3.1)

coefficients can be solved algebraically via substitution of

equation 3.1 into the energy form of Rayleigh’s quotient, equation 3.2.
(

(3.2)

)

is simply the elastic potential energy of the system and

is the reference

kinetic energy of the system. Through manipulation of the kinetic and potential
energy equations, the approximate eigenvalue solution is obtainable.
(3.3)
Where

and a are eigenvalues and eigenvectors, respectively, M and K are

derivable mass and stiffness matrices (from the energy equations) and n is the
number of elements. Determining these natural frequencies and natural modes,
requires the derivation of a system’s admissible function. Deriving the correct
forms of this function is complicated. The system’s global admissible function
must satisfy boundary conditions and continuity conditions of the system.
Finding fast converging and accurate admissible functions is straight forward for
small and simple systems, but not for complicated systems. Solving over the
entirety of a large and complicated system, due to irregular shape or boundary
conditions, tends to require undeterminable admissible functions and can lead to
slow convergence or no convergence at all. The pitfalls of the Rayleigh-Ritz
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method make it a poor choice for solving systems of ODEs. This led to a
modified and improved Rayleigh-Ritz method, the finite element method (FEM).
The FEM is reliant on finding local functions for individual finite sections of
the system in question, rather than global admissible functions. Instead of
finding n high order and often complicated global admissible functions for the
entire domain of the system, the FEM seeks only to find functions representative
of each element. These local functions allow for naturally low degree, easily
differentiable polynomials that are the same for each element. This permits
local mass and stiffness matrices which can then be assembled into global mass
and stiffness matrices. Also, unlike the Rayleigh-Ritz method, the FEM solution
lends itself to important physical meaning immediately. The arbitrary
undetermined coefficients, a-an, of the Rayleigh-Ritz method are representative
of the actual displacements for each local element of the FEM. These qualities of
the FEM distinguish it from the classical Rayleigh-Ritz method and will prove
the FEM to be a robust solving method for dynamic systems. This will become
more evident with the use of some illustrative examples.
First, the actual derivation of the FEM will be lightly discussed, and then
as an example a cantilevered beam (pinned at one end and free on the other end)
will demonstrate the FEM in action (Meirovitch, 2001). Later, a more
complicated example with a cantilevered beam in bending vibration will
demonstrate the strengths of the FEM in solving for the dynamic equations of a
system.
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The Finite Element Method
The finite element displacement curve represented by the series
previously discussed,

∑

, is hard to intuitively imagine

representing a physical object’s displacement (Tokhi & Mohamed, 1999). The
displacement curve of nearly any object, a rod or even a string, can be shown in a
finite element representation.

Figure 3.1: Displacement curve of a string fixed at both ends.

Figure 3.2: Finite Element Approximation of the displacement curve.
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Figure 3.1 represents the displacement of a string with both ends fixed.
Discretizing the string into finite elements is shown in figure 3.2, where
represents the magnitude of displacement of Y(x).
Connecting the displacements along the discretized object using linear
functions yields a clear image of the origin of the finite element displacement
function. It is important to note that the linear functions,

in figure 3.3, for

the FEM example are the lowest, non-zero, degree trial functions possible. A
zero slope trial function or a staircase would infer infinite slopes at
discontinuous points at all of the boundaries of the elements, and would thus be
incorrect. Meirovitch refers to these linear trial functions as the roof functions.

Figure 3.3: Trial or roof functions of the finite element method.
The trial functions all have a normalized maximum value of 1, which means the
coefficients of the summation series represent the physical displacement of the
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string at

rather than the arbitrary constants used with the Raleigh–Ritz

method. Each of the trial functions extends over two elements, as shown in
figure 3.4.

Figure 3.4: Displacement as the sum of two linear trial functions.
A linear combination of the two functions that overlap each element, defines the
displacement of that finite element. The result is that the displacement
equation for the string is the function of the two elements, equation 4.
(3.4)

This displacement equation coupled with the energy form of the Rayleigh
quotient leads to a method of creating the mass and stiffness matrices.
Through further manipulation that will be detailed later, the displacement and
energy forms of Rayleigh’s quotient equations yield the very important mass and
stiffness matrices.
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Mass, Stiffness and Damping Matrix Assembly: Cantilever Beam

Since the FEM is the desired method for modeling the beam portion of the
flexible robotic manipulator system, an example deriving the equations of motion
using the FEM for a pinned-free, cantilevered beam in free vibration will be very
valuable. The outcome of this example should be very comparable to the beam of
the experimental SFLR system and is an important first step to modeling the
SFLR.
The cantilevered beam is pinned at one end and free at the other end. For
each node point of the beam, there are now two displacements: the translation,
and the rotation,

. This equates to 4 displacements for each element (2 on

each end of the element), as illustrated in Figure 3.5.

Figure 3.5: Finite Element of a beam in bending.
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is the local coordinate along the beam defined as
(3. )
With x as the global coordinate, the displacement equation is shown below:
(3.6)

is the displacement of the beam at ,

is a vector of unknown

interpolation functions,

, and

physical nodal displacements,
interpolation functions. Replacing the

is a vector of

. The first step is to find the
function of equation 3.7 with a

generic quadratic function, equation 3.8, solves for these unknown functions.
(3.7)
Now at the left side of the finite element, at
Y

, the displacement

becomes

(3.8)

The rotation is the derivative of the displacement, using the local coordinate,
(3.9)
From equation 3.7 and equation 3.8, it follows that
(3.10)
On the right end of the finite element at ξ =1, the displacement is
(3.11)

30

And the rotation is the derivative of the displacement,
(3.12)
Solving these for the unknown constants yields
,

(3.13)
, (3.14)
,

(3.15)
(3.16)

And using equations 3.12-16 with equation 3.6 yields
(

)
)

(

(3.17)

Equations 3.13-3.16 are then simplified to correspond with equation 3.7, to find
the

vector.

(3.18)

From this state

can be lumped into a vector of the functions that are

multiplying the translation and rotation,

and .

(3.19)
{
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The

vector of interpolation functions, or Hermite cubics (Meirovitch, 2001)

are substituted into the beams

and

equations. The maximum potential

energy comes from Euler-Bernoulli beam theory, with E being Young’s modulus
and I(x) the moment of inertia.
∑

(3.20)

∫

The summation is the due to each finite element’s contribution of its own
potential energy to the total maximum potential energy. The energy equation is
in terms of x, which is not conducive for the previously derived displacement
equation, which is in terms of ξ. Through substitution of

for x, from

(3.21)
Then, knowing that the following derivative is true,
(3.22)

the substitution of equation 3.21 into the integral of equation 3.20, yields:

∫

[

∫

]

∫

[
j = 1,2,…,n

(

]

) [

]

(3.23)
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By substituting the interpolating functions,

the equation is solvable for K,

the stiffness matrix.

(3.24)

∫
[

]

With the integration completed and assuming that the Young’s modulus and
Moment of Inertia are constant over the elements, the final element stiffness
matrices are formed. Where ‘n’ is the total number of elements, and L is the
length of the beam.

], j =1,2,…,n (3.25)

[

Next, the mass matrix is required. Similarly, the reference kinetic energy is
used, obtained via the euler-bernoulli beam theory for a cantilever beam:
∑

(3.26)

∫

Once again, solving in terms of x is not desired. Substitution of ξ for x yields:
∑

∑

∫

∫
∑

Similar to the stiffness matrix derivation, substitute the

(3.27)
interpolation

functions into equations 3.27 and integrate to derive the mass matrix. m is the
mass of the element, L is the length of the beam and n is the number of
elements.
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[

], j =1,2,…n (3.28)

Creating the global mass and global stiffness matrix is the next important step.
To create the global matrix from the elements, the element matrices are stacked
using a diagonal scheme. Since the elements of the global system share common
boundaries, overlapping of matrices is expected. This is taken into account
through the summation of the bottom right 2x2 portion of the left element with
the top left 2x2 portion of the next element, as shown:

Figure 3.6: Global mass and stiffness matrix assembly schematic.
The derivations above are for a standard beam without a fixed boundary
condition. The cantilever beam has one pinned boundary condition for element 1
and a free end for element n. The free end remains the same, but the
displacement and rotation at the fixed end is 0, meaning that Y and Theta at j-0
are 0. Substituting in 0 for Y and Theta at the boundary condition eliminates
the first two interpolation functions. This eliminates the first row and the first
column for the first element’s mass and stiffness matrices. With the global mass
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and stiffness matrices determined, all required parameters are known for
computing the natural frequencies and mode shapes of the cantilever beam
system.
(3.29)
Equation 3.29 uses K and M, the derived mass and stiffness matrices. Solving
the eigenvalue problem yields
the system and

and

, where √

is the natural frequency of

are the eigenvectors which hold the displacement and the

slope values at the nodal points. The variable ‘r’ is used to denote the eigenvalue
that corresponds with which eigenvector. The eigenvectors are especially useful
since they yield real displacement values. Graphing the vectors shows a
physical representation of the system. The mode shapes smooth out noticeably
as the number of elements is increased.

Figure 3.7: Beam displacement with

, using 5 beam elements.
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Figure 3.8: Beam displacement with

, using 10 beam elements.

Figure 3.9: Beam displacement with

, using 100 beam elements.
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The vector of √

or ω’s are all of the natural frequencies of the un-damped

system. The other two lowest natural frequency’s mode shapes, greater than 0,
for the 100 element system, are shown below. The frequencies higher than the
first three natural frequencies will contribute little to the beams true motion in
experiment and are thus neglected.

Figure 3.10: Beam displacement with

, using 100 beam elements.

Figure 3.11: Beam displacement with

using 100 beam elements.
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n
1

17.54438

70.08705

---------------

2

15.51451

55.82281

135.55951

5

15.42203

50.08486

105.21056

10

15.41846

49.97323

104.32186

20

15.41822

49.96540

104.25254

50

15.41821

49.96488

104.24782

100

15.41821

49.96486

104.24770

Table 3.1: Natural Frequencies are shown to converge to as the number of
elements increases.
Solving via Differential Eigenvalue Problem
To prove the validity of the FEM model, the system of the cantilever beam
can be solved using a classic method. This method creates the ODE and with the
input of boundary conditions, the general solution can be obtained. This
differential eigenvalue method will be seen as the control group for comparing
the FEM. Using the same pinned-free cantilever beam, the system can be solved
once again and eigenvalues and modes can be compared. Sparing the need for
the explicit derivation of the ODE for the cantilever beam, this example will
begin with the differential equation already developed for a pinned-free beam
system
(3.30)
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The boundary conditions are simply
(3.31)
And
(3.32)
From which the general equation is
(3.33)
Using the boundary conditions on the pinned end at, x= 0:
(3.34)
So either B = -D or both B and D are 0. The next boundary condition at the
pinned end will resolve this. The next boundary condition is the bending
moment which is the second derivative,
(3.35)
At x = 0,
(3.36)
=0
The system simplifies even further with B and D set to 0.
(3.37)
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The second set of boundary conditions at x =L, bending moment and shear force
are zero
(3.38)
Setting x = L and solving for C
(3.39)
And the final boundary condition
(3.40)
Setting x = L and solving with C, in terms of A, known at the second boundary
condition,
(3.41)
The result is what is called the characteristic equation of the system and solving
for L results in the eigenvalues for the system. Using ‘fsolve’ from python to
find the first three positive and nonzero solutions of

results in the following

eigenvalues:
(3.42)
Inputting the solutions for A,B,C,D into the general solution of the system
(equation d) results in the eigenvector equation.
[

]

(3.43)
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Solving for the first three natural frequencies requires simple substitution of
the three eigenvalues found from the characteristic equation into the differential
equation of the system. Notably,
(3.44)
(3.45)
solving for

the natural frequencies are,

√(

)

√(

)

√(

)

(3.46)

The results are nearly identical for the differential eigenvalue method of solving
when compared to the finite element method. Plotting the mode shapes of the
ordinary differential eigenvalue solution versus the finite element method
solution:

Figure 3.12: Plot of beam displacement for the first natural frequency. FEM
compared to the ODE method of solving.
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Figure 3.13: Plot of beam displacement for the second natural frequency. FEM
compared to the ODE method of solving.

Figure 3.14: Plot of beam displacement for the third natural frequency. FEM
compared to the ODE method of solving. There is close agreement between both
solving methods.
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FEM for a Beam on a Flexible Robot Manipulator
The beam portion of a single flexible link robot is considerably more
complex than the simple cantilever beam previously discussed. The following
procedure is one proven method of determining the states and output of flexible
robotic manipulator. The finite element method demonstrated will use a
combination of the Lagrangian technique coupled with the FEM (Azad, Tokhi,
Mohamed, Mahil, & Poerwanto, 2008). Similar to the simple beam equation, the
goal is to obtain the generalized inertia, stiffness and damping matrices for a
single finite element and then use these element matrices to create the global
system characteristic matrices. The eventual result will be a readily solvable
state space model of the manipulators beam.
There exists a method to develop and create a simulation algorithm for a
flexible manipulator (Tokhi M. , Mohamed, Amin, & Mamat, 2000) (Tokhi &
Mohamed, 1999). Tokhi et al. divides this finite element analysis of the beam
into 6 steps
1.) Discretization of the beam structure into elements. The number of
elements determines the accuracy.
2.) Selection of an approximating function to interpolate results
3.) Derivation of the basic element equation.
4.) Calculation of the system equation for dynamic motion
5.) Incorporation of the boundary conditions
6.) Solving the system equation using the boundary conditions
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After the FE analysis, the state space representation is developed and the
system outputs are determined. This method’s accuracy is well documented,
specifically for the purpose of modeling and controlling a single flexible link
manipulator.
Mass, stiffness and damping matrices
The beam of the robotic manipulator is long and slender; this allows for
the transverse shear and the inertia effects to be neglected. (Chapnik, Heppler,
& Aplevich, 1991) These assumptions make the Bernoulli- Euler beam theory
the preferred method for derivation of the beam’s characteristic matrices. This
requires slight modifications of the earlier method derived using Meirovitch’s
technique. A single element of the SFLR contains 2 degrees of freedom
(transverse flexural deflection, and flexural slope), thus that there are two
displacement values for each end of the element. The residual motion or elastic
deflection, w(x,t) is the summation of shape functions,

or hermitian

polynomials, multiplied by the nodal displacement, u(t),
(3.47)
These hermite cubics take on the following form, with l = length of the element
(3.48)
(3.49)
(3.50)
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(3.51)
Substituting, N(x) becomes the vector of shape functions and Q(t) becomes the
nodal displacement vector,
(3.52)
Replacing the equation of total displacement (equation 63), rigid body motion of
the arm and elastic deflection, with the product of a new shape function vector,
and displacement function vector,

,
(3.53)

Where,
(3.54)
(3.55)
Here,

and x are the global variables, and N(x) and Q(t) are the local

variables. (Tokhi, Mohamed, & Hashim, 1999) The use of the local variable, s,
represents the distance along the nth element.
∑
This is substituted into

(3.56)
and the new shape function becomes,

(3.57)
Finding the displacement, y(x,t), as a function of the shapes and displacement is
the first step towards the element matrices of the system. With the
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displacement equation known, the next step is developing the energy equations.
The kinetic energy for a single element is determined. Using y(x,t) as the
displacement in the inertial coordinates of a differential element of the finite
element and ‘m’ as the mass of the element, the kinetic energy function from
LaGrange equations of energy is
[

∫

(3.58)

]

Substituting,
(3.59)
into the kinetic equation for y(x,t) results in,
̇

∫

̇

(3.60)

Grouping the functions inside the integral that are functions of s,
̇

̇

∫
̇

̇

(3.61)

(3.62)

Where,
∫
The symmetric matrix,

(3.63)

, is described as the generalized inertia matrix of

element j. Integrating results in this finite element matrix,
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[

]
(3.64)
Similarly the potential energy,

, due to the beam element elasticity is

obtained through integration of the differential potential energy of an element of
length l.
[

∫

]

(3.65)

Notice that in the potential energy equation, gravity is neglected as a source of
potential energy. The beam travels in a plane perpendicular to gravity which
corresponds to no change in gravitational potential energy, since there is no
transverse displacement. The energy function,

, is manipulated into matrix

form:
̈

∫

̈

(3.66)

Grouping functions of x into the integral,
∫

̈

̈

(3.67)

Therefore,
(3.68)
Where,
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(3.69)

∫
With

defined as (Tokhi, Mohamed, & Hashim, 1999),
(3.70)

This yields the stiffness matrix for the

element.

(3.71)
[

]

Through the process of deriving these matrices using the Euler-Lagrange
equations, the system is greatly simplified. Originally, the beam’s displacement
was a function of x and t.
(3.72)
Finding the kinetic and potential energies of the beam and computing the
matrices from the Lagrange equations converts the equations from the time and
displacement domain to only the time domain.
There are noticeable differences in these element matrices derived here
using Tokhi’s method (Tokhi, Mohamed, & Hashim, 1999) compared to the
matrices for the simple cantilever beam. Most important is that the inertial
matrix used here is a function of the element number, which in the cantilevered
beam was not the case. This is due to the fact that as the entire rigid body
rotates about the hub, each element has a specific inertia about its rotation axis.
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The further along the beam , the further away from the hub, the higher the
element number, the higher the inertia for each element. The element mass and
stiffness matrices are summed in order to obtain the global mass and stiffness
matrices of the system. The element matrices are stacked in a similar diagonal
fashion as the cantilever beam example.
Damping matrix
The damping matrix is crucial in obtaining accurate dynamics of the
system and requires data from the system for an accurate representation. In the
case with Tokhi et al (Tokhi M. , Mohamed, Amin, & Mamat, 2000), the system
is assumed to exhibit Rayleigh damping. This is a proportional damping ratio
for each mode which is calculated through experimental results. The
experimentally determined damping ratios for two modes,

and

along with the natural frequencies of those modes,

. (Chapnik,

and

are used

Heppler, & Aplevich, 1991)
(3.73)
(3.74)
(3.75)
To determine the damping, only two modes are used. These two modes
represent the first two non-zero modes of the beam. This damping matrix being
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a linear combination of the Mass and Stiffness matrices allows for decoupling
which will be important when solving the equations of motion.
The natural frequencies were previously derived from the un-damped
free vibration eigenvalue problem. Chapnik (Chapnik, Heppler, & Aplevich,
1991) notes that the natural frequency of 0, which is a solution found by solving
the eigenvalue problem, corresponds to the rigid body motion. This accounts for
the beam has no vibration in motion and moves as if the link were inflexible.
(3.76)
Using previous experimental results and tuning the simulation from experiment
and other research helps to create a more precise damping matrix of the SFLR.
Torque input
The input force for the SFLR is the torque induced from the motor
through the gears of the drive train. The force vector is obtained by measuring
the torque output of the motor and manipulating the value into Finite Element
vector form. In this case
(3.77)
Where the vector size is equal to 2n+1, where n = the number of elements.
Dynamic equations of motion
The purpose behind generating the global characteristic matrices (mass,
stiffness, and damping) and vectors (force) of the system is to be able to

50

determine the dynamic equation of motion for the system and find the motion of
the beam at points along its length. Using the standard notation (Tokhi M. ,
Mohamed, Amin, & Mamat, 2000),
̈

(3.78)
̇

Where M is the global mass matrix, D is the damping matrix and K is the global
stiffness matrix. F is the vector of applied forces previously assembled in the
previous section. The ‘a’ vector is comprised of the vector of rigid body
displacements, θ and elastic deflections, u. There are a number of ways to solve
this equation of motion, equation 3.78. The method used by Tokhi et al. is to
take the ODE system equation and convert the equations into a state space
representation. The dynamic equation of motion can be represented in familiar
state space form,
̇

̅

(3.79)

̅

̅

̅

Where x is the vector of states, u is the input vector, y is the output vector. A, B,
C, and D are the state, input, output and feed-forward matrices, respectively.
With the following matrices defined by Tokhi (Tokhi, Mohamed, & Hashim,
1999),

[

̅

[

],
|

[

]

,

̇
̇

̇
̇

̇

(3.80)
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̅
The state-space representation of the system is ideal for simulation, providing a
compact and solvable form of the dynamical system. The system can now be
solved numerically using a high-level computing language, like Python. This
method for developing the state space matrices will be the starting point for
modeling the SFLR used in experiment.
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CHAPTER IV

MODELING OF THE SINGLE FLEXIBLE LINK ROBOT SYSTEM
The FEM has proven to be an effective approach for solving the equations of
motion for a simple cantilever beam and the beam portion of a flexible robotic
manipulator. However, an SFLR system consists of more than just a beam. The
system used for experiments in this paper contains multiple components: the
DC motor, drive train, the beam and the accelerometer mass. Figure 4.1
illustrates the essential components of the SFLR.
The DC motor, which contains the encoder for positional feedback, is
connected to the base of the robot stand that is held firmly to a table using Cclamps. The DC motor’s motion is transferred to the beam through a series of
gears in the drive train which, due to gear and shaft compliance, acts as a
torsional spring/damper (TSD-1). The drive train connects to the beam at its
base (base mass) through a clamp. The clamp’s connection with the beam is
elastic and is considered to be a TSD (TSD-2). The flexible beam connected to
the clamp has the accelerometer mounted towards the end of the beam to
measure tip acceleration.
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Figure 4.1: Component Breakdown of the SFLR. Each component named in the
figure will have its own element matrix or matrices. (Krauss R. W.,
Computationally Efficient Modeling of Flexible Robots Using the Transfer
Matrix MEthod, 2011)
All of the individual components are to be accounted for in the system model:
Motor, Base Mass, TSD’s, Beam elements and Accelerometer. Each element of
figure 4.1 can be represented using a mass, stiffness, or damping matrix or a
combination of these matrices.
In the following sections, the matrices for each of those system
components will be developed. Each of the components will be combined into the
global mass, stiffness and damping matrices. After obtaining the global
matrices, the system can be converted into the state space representation and
the outputs and states can be determined.
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4.1

Finite Element Method for the SFLR System

The components of the system have physical parameters that must be
determined by direct measurement (using a scale for mass) or indirectly through
parameter optimization routines with cost functions. These physical
parameters: moment of inertias, stiffness coefficients, damping coefficients,
masses and force gains were experimentally determined and optimized by Dr.
Krauss for use in TMM simulations (Krauss R. W., Computationally Efficient
Modeling of Flexible Robots Using the Transfer Matrix MEthod, 2011). These
same parameters work well with the FEM and are used in this simulation.
DC motor model
The DC motor is represented by only a moment of inertia term in the
global mass matrix, from the moment of inertia of the rotating motor shaft. The
element mass component of the DC motor is determined from existing
experimental data to be,
(4.1)
Torsional spring damper
The drive train and clamp, TSD-1 and TSD-2 respectively, are considered
massless but contribute element stiffness and element damping components to
the system. The torsional spring/damper derives its element matrices from its
free body diagram.
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Figure 4.2: Torsional Spring Damper.

is displacement and

is the velocity.

Therefore the element stiffness matrix has the following form
[

]

(4.2)

]

(4.3)

Similarly the element damping matrix is
[

Where, from Krauss’ TMM experiments, the optimized parameters are,

Base mass
The base mass portion of the system is simply the portion of the beam connected to the
clamp. The only contribution from the bass mass is the moment of inertia since the
base mass is located at the pinned end of the beam.

(4.4)
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Flexible beam
The flexible beam component contributes mass and stiffness matrices but no damping
matrix, for the entire length of the beam. The matrices for each finite element of the
beam are shown below, from previous derivations.

[

]

[

]

, j =1,2,…,n

(4.5)

(4.6)

, j =1,2,…,n

The coefficients in front (m, L, E and I) are the physical characteristics of the beam.
The mass per unit length, m, is found to be 0.1366kg/m. The length of the beam is
0.4135m and the flexural rigidity, EI, is 0.2100

.

Accelerometer
The accelerometer contributes element matrices as a rigid mass near the tip of
the beam. Since the accelerometer is located near the tip, it contributes moment of
inertia and mass elements.

(4.7)
(4.8)
These element matrices are then combined into global mass, stiffness and
damping matrices. The element matrices are stacked diagonally sequentially from the
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base of the DC motor to the tip of the beam, similar to the cantilever beam example.
The boundary condition at the clamped end means there is no displacement. Thus the
first element’s first row and column of the mass and stiffness matrices is removed.

Figure 4.3: Assembly of the global mass matrix.

represent the beam’s

finite mass elements. The other component’s mass elements are added at their
corresponding physical locations within the system.
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Figure 4.4: Assembly of the global stiffness matrix.

represent the

beam’s finite stiffness elements. The other component’s stiffness elements are
added at their corresponding physical locations within the system.

59

Figure 4.5: Assembly of the global damping matrix.

represent the

beam’s finite stiffness elements. The other component’s stiffness elements are
added at their corresponding physical locations within the system.
The matrices were compiled using a FEM module developed as part of this work. First
the system parameters are set following Meirovitch’s procedures. (Meirovitch, 2001)
mu = beam_params['mu'] #mass per unit length
L = beam_params['L'] #length
EI = beam_params['EI'] #flexural rigidity
n_e = 4#number of elements
h = float(L)/n_e #h factor from meirovitch, length of the elements
#element mass matrix
m_e = mu*h/420.0*array([[156.0, 22, 54, -13], \
[22.0, 4, 13, -3], \
[54.0, 13, 156, -22], \
[-13, -3, -22, 4]])
k_scale = EI/(h**3)
#element stiffness matrix
k_e = array([[12.0, 6, -12, 6], \
[6, 4, -6, 2], \
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[-12, -6, 12, -6], \
[6, 2, -6, 4]])*k_scale
nr = 2*n_e + 2
M = zeros((nr,nr))
K = zeros((nr,nr))
#stacking the element matrices diagonally
for i in range(n_e):
start_index = 2*i
M[start_index:start_index+4, start_index:start_index+4] += m_e
K[start_index:start_index+4, start_index:start_index+4] += k_e
#
#
#
#

Apply Boundary Conditions
--------------------------------The beam will be pinned at the base, so drop the first row and
column related to lateral displacement

M11 = M[1:,1:]
K11 = K[1:,1:]
nr1, nc1 = M11.shape
N_bm = nr1+2

The global mass matrix is assembled.
M_bm = zeros((N_bm, N_bm))
M_bm[2:,2:] = M11
M_bm[0,0] = J_motor
M_bm[1,1] = J_bm
M_bm[-2,-2] += m_accel
M_bm[-1,-1] += J_accel

The global stiffness matrix is assembled.
K_bm = zeros((N_bm, N_bm))
K_bm[2:,2:] = K11
k_wall_mat = array([[k_wall, -k_wall],[-k_wall, k_wall]])
K_bm[0:2,0:2] += k_wall_mat
k_clamp_mat = array([[k_clamp, -k_clamp],[-k_clamp, k_clamp]])
K_bm[1:3,1:3] += k_clamp_mat

Next, the global damping matrix is assembled.
C_bm = zeros((N_bm, N_bm))
c_wall_mat = array([[c_wall, -c_wall],[-c_wall, c_wall]])
C_bm[0:2,0:2] += c_wall_mat
c_clamp_mat = array([[c_clamp, -c_clamp],[-c_clamp, c_clamp]])
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C_bm[1:3,1:3] += c_clamp_mat
C_bm[0,0] += c_motor

The equation of motion of the SFLR is now in a matrix friendly format.
̈

(4.9)
̇

From here, the next step is to create the state space representation from these global
matrices in order to easily find the output of the system

4.2

State Space Equations

State Space Matrix Development
The state, input, output and feed-forward matrices are generated following the
state space representation shown below.
̇

̅

(4.10)

̅

̅

̅

The output vector for simulation takes the following form

̅

[ ]
̈

(4.11)

First the state matrix, A, is created using the following state space representation and
python code (Tokhi & Mohamed, 1999).

[

def A_mat_from_M_K_C(M,K,C):
nr, nc = M.shape
zm = zeros_like(M)
Mi = inv(M)

]

(4.12)
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A_ss_part1 = column_stack([zm, eye(nc)])
A_ss_part2 = column_stack([-dot(Mi,K), -dot(Mi,C)])
A_ss = row_stack([A_ss_part1, A_ss_part2])
return A_ss

The input matrix, B is then

[

]

(4.13)

The python code below includes the force gain scalar in the input matrix, B.
A_bm = A_mat_from_M_K_C(M_bm,K_bm,C_bm)
Mi_bm = inv(M_bm)
nr_bm, nc_bm = M_bm.shape
zv = zeros((nr_bm,1))
F_bm = zeros((nr_bm,1)) #force Vector
F_bm[0] = f_gain #input force
B_bm = row_stack([zeros((nr_bm,1)), dot(Mi_bm,F_bm)]) #generate input
matrix.

The output matrix, C, takes the following form.
the base mass from a
‘counts’.

is the conversion factor for

value in radians to the encoder value from the motor in
is the row of the state matrix, A, corresponding to the

accelerometer’s state at the end of the beam.

(4.14)

y_row = zeros((1,nr_bm))
counts_out = True
y_theta = 1.0/h*180.0/pi
if counts_out:
y_theta *= 1024.0/360
y_row[0,1] = y_theta
C_bm_1 = column_stack([y_row, zeros((1,nr_bm))])
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C_bm_2 = copy.copy(A_bm[-2,:])
a_gain = 1.1452654922936827
use_a_gain = 1
if use_a_gain:
C_bm_2 *= a_gain
C_bm_ss = row_stack([C_bm_1, C_bm_2])

The feed-forward matrix, D, is vector of zeroes except where the accelerometer is
located. The code is setup for general cases and would thus compute the correct
D matrix for a system with a feed-forward setup.
D_bm = zeros((2,1))
D_bm[-1] = B_bm[-2]

Then using the control package, the state space matrices are converted into the state
space system in python.

sys_bm = control.ss(A_bm, B_bm, C_bm_ss, D_bm)

Model Validation
The frequency response of the system is computed using the freqresp
function of the control module. The Bode plot of the system model is compared
to the experimental bode plot to determine the accuracy of the model. Also
shown is the logarithmic down sampled representation of the experimental data.
The down sampled data is used within the optimization functions to reduce
calculation times. Choosing a number of data points smaller than the full data
set and optimizing to the fit of the smaller sample is quicker for the optimization
routine.
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def bode_from_FEA_sys(sys, freq=None):
if freq is None:
myom = om
else:
myom = 2.0*pi*freq
mag, phase, omega = sys.freqresp(myom)
dB = squeeze(20.0*log10(mag))
phase = squeeze(phase)*180.0/pi
phase2 = unwrap(phase*pi/180.0)*180.0/pi
dB_theta = dB[0,:]
phase_theta = phase2[0,:]
dB_accel = dB[1,:]
phase_accel = phase2[1,:]
return dB_theta, phase_theta, dB_accel, phase_accel

Figure 4.6: Bode plot for

/ . The down-sampled experimental data and

the FEA model using the TMM parameters. FEM model has a deeper trough at
1.5 Hz and shows a greater phase angle at most frequencies.
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Figure 4.7: Bode plot for ̈

/ . The down-sampled experimental data and the

FEA model using the TMM parameters. The amplitude of the FEA system is
reduced at the second peak compared to experiment. The phase angle is nearly
identical.
There is close agreement between the experimental bode plot and the FEA model
using the TMM parameters. The Bode plot for

of the FEA model exhibits less

damping compared to experiment, while the bode plot for acceleration, ̈ , shows
greater damping than the experiment’s response. The frequency response of the
FEM model has strong agreement with the experimental frequency response.
The model will now be compared to the experimental results for pulse inputs and
step inputs using open-loop and feedback systems.
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CHAPTER V
SYSTEM RESPONSES: OPEN AND CLOSED LOOP
Open Loop Pulse Response
The pulse response is included, instead of the step response, for the openloop test. Using a step input with the open-loop system would inevitably lead to
damage to the SFLR and sensor cables as the beam would rotate endlessly
without feedback to stop the system.

Figure 5.1: FEM system model open-loop pulse response. Large overshoot
compared to experiment but overall shape trend is close.

67

The

output for simulation shows that the FEM model is under-

damped compared to the experiment. Conversely, the ̈

output from

simulation has smaller amplitudes of oscillation compared to experiment,
possibly due to inconsistencies in the damping in the TSD components. There is
clearly visible rigid body motion after the pulse input has ended. This is due to
the back driving caused by the flexing of the beam. As the beam vibrates at the
tip, it induces a torque in the base of the beam, in the opposing direction of the
beam flexion.

Figure 5.2: DT-TMM model open-loop response to a pulse input in the time
domain.
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The open-loop response using the DTTMM is also not very close to the
experimental data, as shown in figure 5.2. The DT-TMM model for open-loop
response is closer than the FEM, but the same overshoot issues exist.
The open-loop pulse response from the FEM model is not as accurate as
expected. Optimization of parameters to fit the model to this response is deemed
not necessary at this point. The Bode plots from simulation compared to
experiment are already very similar. Optimizing the system to the open-loop
response would cause discrepancies in the frequency response. Also, the closed
loop accuracy of the system model is decidedly more important for controller
design than the open loop model. Leaving the open loop response, the feedback
system response is simulated and compared to experiment and the DT-TMM.

Feedback Step Response

Figure 5.3: Block diagram of the SFLR system showing two feedback loops.
and ̈ (Krauss R. )
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Control can be implemented using the two sensors of the SFLR, the DC
motor encoder and the non-collocated accelerometer located at the tip of the
slewing beam. Controlling the

location of the beam requires the feedback from

the encoder, while vibration suppression will require feedback from the
accelerometer. Three methods of control are used in simulation to compare the
simulation system response to the experimental system response: a proportional
control using encoder feedback, a digital compensator using encoder feedback
and a digital compensator using both the encoder and the accelerometer
feedback. Afterwards, a plot of the discrete time transfer matrix method (DTTMM) response is included for comparison. The DT-TMM plots are from the
paper by Krauss and Okasha (Krauss & Okasha, Discrete-Time Transfer Matrix
Modeling of Flexible Robots under Feedback Control, June 2013) using the same
controllers and experimental setup, with the DT-TMM used for modeling.
Closed loop theta feedback – proportional control

Figure 5.4: Block diagram of the closed loop system with

feedback.
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Implementation of closed loop control using the encoder feedback will help
increase the speed and accuracy of the arm. The proportional controller takes on
the following form:
(̂

Where v is the output from the controller,
the desired output and

(5.1)

)

is the proportional constant, ̂ is

is the actual value used as feedback. The

value of

2.0 is the same value used for the DT-TMM simulation. The python controller is
simply,
def P_control(i, u, y, v, e,Kp):
return e[i]*Kp

Figure 5.5: FEM proportional feedback control. Simulation of a closed-loop
response to a Step input of 50 counts in the time domain. Proportional feedback
control is implemented with a

.
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Response

Settling Time (seconds)

FEM Simulation
Experimental System

Overshoot (%)

>2

38.20

1.250

24.00

Table 5.2: Digital Compensator with Encoder Feedback Data
Results show the

response of the FEA model has a higher

overshoot and slower settling time than experiment. The ̈

simulation is

performed without feedback, but the FEA simulation results are very close to the
experimental data. As the vibration continues, the simulation response lags
further behind the experimental response.
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Figure 5.6: DT-TMM proportional feedback control. Closed-loop response to a
Step input of 50 counts in the time domain. Proportional feedback control is
implemented with a
The proportional controller with encoder feedback for the DTTMM shows
a more accurate acceleration response. The theta response of the simulation is
noticeably missing the back driving effect that is evident in experiment and in
the FEM model. Overall, the DTTMM model is more accurate for the
proportional controller with

, than the FEM model.

Closed loop digital compensator theta feedback
A digital lead compensator is also implemented with encoder feedback.
The digital lead compensator uses the same form from Krauss and Okasha’s
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paper, with optimized pole and zero locations (Krauss & Okasha, Discrete-Time
Transfer Matrix Modeling of Flexible Robots under Feedback Control, June
2013)
(5.2)
Python code for controller,
def Digital_Compensator(i,v_sim,e_sim):
return (18.333*e_sim[i]-17.21*e_sim[i-1]) + 0.7767*v_sim[i-1]

Figure 5.7: FEM

feedback with lead compensator. Simulation of closed-loop

response to a step input of 100 counts in the time domain.
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Response

Settling Time (seconds)

Overshoot (%)

FEM Simulation

1.980

18.85

Experimental System

>2.0

10.00

Table 5.3: Digital Compensator with Encoder Feedback Step Response
Results using the lead compensator are closer to the experimental results
than the proportional control with encoder feedback. The overshoot and settling
time are improved in both simulation and experimental responses. Simulation
of ̈

is performed without feedback and is identical to the previous control

technique. Vibration suppression using the accelerometer feedback is desired.
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Figure 5.8: DT-TMM

Feedback with Lead Compensator. Closed-loop response

to a Step input of 100 counts in the time domain. Encoder feedback using a
theta lead compensator is implemented.
The FEM model has a closer response to experiment than the DT-TMM. The
DT-TMM has higher overshoot and slower settling time than the FEM. The
acceleration of the DT-TMM response also has large magnitude than both FEM
and experiment. Overall, the FEM model with a
accurate model than the DT-TMM.

digital compensator is a more
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Closed loop digital compensator with

and ̈ feedback

Figure 5.9: Block diagram of the closed loop system.

and ̈ feedback.

A digital lead compensator is implemented with encoder feedback. The
digital lead theta compensator uses the same form as the previous compensator.
(5.3)
The acceleration signal compensator takes on the following form from Krauss
and Okasha’s paper (Krauss & Okasha, Discrete-Time Transfer Matrix Modeling
of Flexible Robots under Feedback Control, June 2013)
(5.4)
Where ,
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Python version of the accelerometer compensator,
def Accel_Digi_Comp(i,Ga_out,Ga_in):
return ((1/a[0])*((Ga_in[i]*b[0] + Ga_in[i-1]*b[1] + Ga_in[i-2]*b[2] +
Ga_in[i-3]*b[3]) \
-(Ga_out[i-1]*a[1] + Ga_out[i-2]*a[2] + Ga_out[i-3]*a[3])))

Figure 5.10: FEM digital compensator using encoder and accelerometer
feedback. Closed-loop response to a step input of 200 counts.

Response
FEM Simulation

Settling Time (seconds)
0.7080

Overshoot (%)
20.74
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Experimental System

0.6080

21.50

Table 5.4: Digital Compensator: Encoder and Accelerometer Feedback Response
The FEM model, simulated step response with vibration suppression via
the accelerometer feedback yields the closest agreement between simulation and
experiment. The overshoot and settling time of
experiment are nearly identical. The ̈

output for simulation and

output has the best agreement with

the accelerometer compensator. The system shows fast vibration suppression in
both model and experimental results, close to 0.6 seconds to dampen. Clearly
the simulation of the digital compensator with vibration suppression has the
best agreement with the experimental data and also the best system response.
The vibration was quickly dissipated and overshoot and settling time are
markedly improved.

79

Figure 5.11: DT-TMM Digital Compensator Using Encoder and Accelerometer
Feedback. Closed-loop response to a step input of 200 counts.
The DTTMM simulation response is also very close to experimental data.
The DTTMMM model is more damped and has a noticeably slower rise time
than the experiment’s response. The FEM has the more accurate response of the
two simulations.
Simulation Times
Computation times for simulation are also important to consider for the
FEM and DT-TMM. The DT-TMM is considerably faster than the FEM. Table
5.4 shows the results of the DT-TMM simulation times versus the simulation
times of the FEM with varying numbers of beam elements. The FEM is
noticeably slower than the DT-TMM, even when using just 1 finite element to
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represent the beam. The larger size of the global matrices of the FEM are
slowing down the simulation and causing instability as the number of elements
increase. The DT-TMM can use a higher range of beam elements with no
negative effect on computation time and no change in accuracy. The smaller
matrices of the DT-TMM account for the faster simulation times across all
control types.

FEM

FEM

FEM

DTTMM

DTTMM

DTTMM

1

4 Elements

10 Elements

1 Elements

5 Elements

10 Elements

Eleme
nts
Openloop

2.29

6.45

128.31

2.36

1.92

1.38

P Control

23.48

18.80

277.05

2.16

1.81

1.69

P Control

6.56

11.86

130.81

-

-

-

21.09

22.57

289.45

2.25

2.40

1.77

16.41

18.62

258.66

2.52

1.99

1.82

(Statespace
Feedback)
Digital Theta
Compensator
Digital Accel. And
Theta Compensator

Table 5.5: Simulation times for FEM and DTTMM with varying number of beam
elements
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Figure 5.12: FEM open-loop double pulse response with 1 beam element. The
one beam element reduces the accuracy of the model compared to experiment.
The overshoot is worse than the 4 beam elements of figure 5.13
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Figure 5.13: FEM Open-Loop Double Pulse Response with 4 Beam Elements.
This is the best open-loop response for the FEM compared to experimental data.
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Figure 5.14: FEM Open-Loop Double Pulse Response with 10 Beam Elements.
The system response of figure 5.14 shows erratic behavior for the open- loop
pulse response with 10 beam elements. This is likely due to the excessive size of
the state matrices and the inclusion of many more natural frequencies.
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Figure 5.15: FEM proportional feedback, step response with 1 beam element.
output is leading the experimental data and overshoot is slightly better with 1
element compared to 4.
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Figure 5.16: FEM proportional feedback, step response with 4 beam element.
Vibration frequency and amplitude is closer but the

response has worse

overshoot than the 1 element model

Figure 5.17: FEM proportional feedback, step response with 10 beam element.
10 beam elements is clearly too many. Higher natural frequencies and the large
matrices leads to instability.
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In an attempt to speed up the simulation time, another controller is
implemented. The state space system utilizes state space feedback for a
proportional controller. The state space feedback controller takes on the
following form.
sys,A_bm, B_bm, C_bm_ss,D_bm,M_bm, K_bm, C_bm =
utils.get_sys_from_params(dict2.values(), dict2.keys())
A_cl = A_bm - Kp*B_bm
sys_cl = control.ss(A_cl, B_bm, C_bm_ss, D_bm)
y, to, xo = control.lsim(sys_cl, v_exp,t)

This bypasses the need for using the control.lsim() function from python to
compute the next input for the system for each iteration. Instead the state,
input and output matrices are manipulated to create

feedback. The state

space feedback proportional controller more than doubles the simulation speed.
Using the same

as used with the DT-TMM causes steady state error

with the state space feedback, figure 5.18-20.
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Figure 5.18: FEM state space feedback, step response with 1 beam element.
This feedback results in one of the best responses. The

response has the same

frequency and close overshoot values compared to the experimental data. The
vibration response is the best yet, nearly perfect frequency match with the
experimental data. Keeping the same

value as the DT-TMM, for comparison

purposes, creates the steady state error. Tweaking the
issue.

value will solve this
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Figure 5.19: FEM state space feedback, step response with 4 beam elements.
Strong results for both outputs, except for the steady state error in the theta
output.

Figure 5.20: FEM state space feedback, step response with 10 beam elements.
Once again, 10 finite elements completely stabilizes the system model.
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Figure 5.21: FEM digital theta compensator, step response with 1 beam
element. Closest response compared to experimental data. Magnitude and
frequency is nearly identical for both outputs.

Figure 5.22: FEM digital theta compensator, step response with 4 beam
elements. Worse response for both outputs compared to the 1 beam element of
figure 5.21. Overshoot is worse for the

output and the vibration dampens out

quicker compared to experiment.
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Figure 5.23: FEM digital theta compensator, step response with 10 beam
elements. Again, the 10 element response of the FEM model is far from the
experimental results.

output is 1.5 the magnitude of the experimental data

with a smaller frequency. The vibration at the tip appears over damped
compared to the experimental data.
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Figure 5.24: FEM digital ̈ and

compensator, step response with 1 beam

element. Both outputs are nearly identical to the experimental data.

Figure 5.25: FEM digital ̈ and

compensator, step response with 4 beam

elements. The accuracy of both outputs is in strong agreement with the
experimental data.
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Figure 5.26: FEM digital ̈ and

compensator, step response with 10 beam

elements. The 10 elements leads to poor results for both outputs compared to
the 1 and 4 element models.
close.

output is slower to rise but the magnitude is

̈ output appears to be far over damped compared to the experimental
data.

The simulation times for all the FEM system models, open-loop or closed-loop,
were all magnitudes slower the DT-TMM. The number of finite elements also
caused a reduction in the accuracy of the system outputs. This is not entirely
unexpected. The increase in number of elements necessitates that the number
and the magnitude of the natural frequencies included in the system model will
also increase. Having such large natural frequencies in a system that doesn’t
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exhibit characteristics beyond the 2nd or 3rd mode shape will naturally cause
issues in simulation.
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CHAPTER VI

SYSTEM IDENTIFICATION

Figure 6.1: Diagram of the SFLR communication with the computer (Krauss R. )
Experimental Set-Up

Figure 6.2: Block diagram of communication paths with feedback. (Krauss R. )
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The experimental setup uses a personal computer as a means to easily
modify code, calculate voltages from feedback, store data and display results
graphically. The digital binary output of the computer cannot directly be input
into the analog components of the SFLR. Like-wise, the output of the SFLR
needs to be interpreted for the computer. The analog to digital converter used is
a microcontroller. Krauss (Krauss R. ) describes this type of system as a
microcontroller-in-the-loop (MIL) system. The microcontroller is connected
serially from the computer to convert the voltage demanded by the computer
algorithm into an analog voltage input for the SFLR. The microcontroller also
has to convert the analog outputs of the sensors from the SFLR, encoder and
accelerometer, into digital outputs for the computer to interpret so that data can
be collected and analyzed by the PC. The encoder gives feedback for the angle
location of the flexible link, and the tip acceleration is determined by the
accelerometer. The SFLR outputs are the feedback that the computer uses to
calculate the next input, and commands a new voltage to be converted and sent
to the microcontroller and then to the SFLR for each iteration. The
microcontroller establishes the intervals using an interrupt service routine to
determine when signals are sent and received.
Finite Element Method for Python
The Python programming language is the language used for simulation of
the SFLR system. The simple syntax, open source nature and accessibility of
community developed packages made Python the first choice for simulation.
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Python control packages from Dr. Richard Murray at California Institute of
Technology and from Dr. Ryan Krauss at Southern Illinois University
Edwardsville, allows for program implementation for analysis of the system,
such as bode plotting and state space simulation. The FEM was not a readily
available class of functions in either control package. Thus, a FEM module was
developed for calculations and simulation of the SFLR.
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CHAPTER VII
CONCLUSION
This thesis has studied and developed a finite element model for a single flexible
link robotic manipulator for control applications. A methodology for computing
and confirming the finite element model of a flexible beam was developed. The
developed beam model allowed for easy integration of multiple robotic
components contained within the robotic system. The DC motor, drive train,
base mass, clamping compliance, flexible beam and accelerometer all were
implemented in to the system for the SFLR.
The frequency response of the system model had strong agreement with
the experimental bode response and encouraged further study of this modeling
technique. Open loop pulse response yielded less than ideal results compared to
experiment and exposed the model as being weak for open loop tests. The closed
loop step response generated better results. Proportional and lead compensator
control with encoder feedback had a step response close to the experimental
data, but had larger overshoot and slower settling times. The best results came
from the lead compensator with vibration suppression through encoder and
accelerometer feedback. The simulation response had nearly identical theta
values and similar vibration suppression, compared to experiment. The finite
element method of modeling the system has proven to be a concise and accurate
method of simulation that can be expanded on in the future. There is concern
with the simulation times required for even small numbers of finite elements.
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The DT-TMM is clearly faster for all systems simulated, open-loop and closedloop. Additional research should expound on more advanced control techniques
that could speed up simulation, inclusion of any non-linear elements in the
system model and implementation of real time controller architecture.
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